Introduction {#Sec1}
============

In a recent paper \[[@CR1]\] we have proposed the idea that the Standard Model (SM) of weak interactions might provide a candidate for dark matter, without the need of physics beyond the SM, under the form of Primordial Black Holes (PBHs). The scenario is the following. As is well-known, the Higgs potential develops an instability at large values of the field \[[@CR2]--[@CR13]\]. For instance, the Higgs potential becomes negative for Higgs field values of the order of $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{11}$$\end{document}$ GeV if we select the present central values of the Higgs and top masses. At this scale, the quartic coupling $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ in the Higgs potential turns negative. During inflation, which is necessary to explain the anisotropies in the cosmic microwave background radiation as well as to provide the seeds for the large-scale structure, the Higgs field is subject to quantum fluctuations as any other field lighter than the Hubble rate *H* \[[@CR14]\]. The Higgs field performs a random walk which allows it to surmount the barrier of its effective potential.

After surmounting the barrier, the Higgs continues its random walk till it reaches the field value at which the classical motion dominates over the quantum jumps. This happens when $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta _c h\simeq -V'(h)/3H\gtrsim (H/2\pi )$$\end{document}$, or$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} h^3\gtrsim \frac{3H^3}{2\pi \lambda }, \end{aligned}$$\end{document}$$where for simplicity we have approximated the Higgs potential as $\documentclass[12pt]{minimal}
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                \begin{document}$$V(h)=-\lambda h^4/4$$\end{document}$. The Higgs field starts a slow-roll phase till it reaches the value $\documentclass[12pt]{minimal}
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                \begin{document}$$h^2\sim 3H^2/\lambda $$\end{document}$ at which slow- roll ends and the Higgs starts moving rapidly towards the bottom of the potential. The would-be inevitable destiny of the Higgs field to create a crunching anti de Sitter region is however changed by the fact that inflation ends, the universe reheats at a temperature $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_\text {RH}$$\end{document}$ and the plasma particles generated during reheating couple to the Higgs, providing to its effective potential a large positive mass that can stop the fall of the Higgs field. Afterwards, the Higgs starts oscillating around our safe electroweak vacuum and promptly decays. Meanwhile, Higgs quantum perturbations are generated. During inflation they leave the Hubble radius and the corresponding curvature perturbations freeze in, while the total curvature perturbation grows \[[@CR1]\]. The Higgs contributes to the curvature perturbation with a peak at small scales, when there are about 20 e-folds to go till the end of inflation. During the radiation phase that immediately follows the end of inflation, the Higgs decays communicating its perturbations to the curvature perturbation now in the form of radiation. The final curvature perturbation is therefore flat on large scales, but has a peak at small scales. When these small-scale wave-lengths re-enter the horizon, if large enough, the may originate PBHs with a mass roughly equal to the mass contained in that horizon volume and with a mass fraction$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \beta _\mathrm{prim}\simeq \frac{\varDelta _c}{\sqrt{2\pi }\sigma _\varDelta } e^{-\varDelta _c^2/2\sigma ^2_\varDelta }, \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varDelta (\mathbf {x})=\frac{4}{9 a^2 H^2}\nabla ^2\zeta (\mathbf {x}), \end{aligned}$$\end{document}$$is the density contrast (during the radiation era), *a* is the scale factor, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta _c$$\end{document}$ is the critical value above which a given region collapses to a PBH (its value is typically $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim 0.45$$\end{document}$), $\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta $$\end{document}$ is the gauge-invariant curvature perturbation, and we have defined the variance of the density contrast to be$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sigma _\varDelta ^2(M)=\int \mathrm{d}\ln k \, W^2(k,R_H){\mathscr {P}}_\varDelta . \end{aligned}$$\end{document}$$Here $\documentclass[12pt]{minimal}
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                \begin{document}$$W^2(k,R_H)$$\end{document}$ is a Gaussian window function smoothing out the density contrast on the comoving horizon length $\documentclass[12pt]{minimal}
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                \begin{document}$$R_H=1/aH$$\end{document}$. The present dark matter abundance made of PBHs of mass *M* is therefore given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left( \frac{\varOmega _\mathrm{DM}(M)}{0.12}\right) \simeq \left( \frac{\beta _\mathrm{prim}(M)}{7\cdot 10^{-9}}\right) \left( \frac{106.75}{g_*}\right) ^{1/4}\left( \frac{M_\odot }{M}\right) ^{1/2},\nonumber \\ \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$g_*$$\end{document}$ is the effective number of degrees of freedom at the time of PBH formation. In this expression we have neglected accretion which would eventually allow to start from smaller PBH mass fractions at formation. The results of Ref. \[[@CR1]\] have been repeated, confirmed and reported in Ref. \[[@CR15]\].

The fine-tuning {#Sec2}
===============

As any other model of inflation which creates PBHs out of spiked perturbations at small scales, the scenario we have described is fine-tuned \[[@CR1], [@CR15]\]. Indeed, the mass fraction ([2](#Equ2){ref-type=""}) is exponentially sensitive to the variance of the density contrast. Small variations of it lead to too small or too large PBH abundances. In Ref. \[[@CR1]\] the fine-tuned choice of the parameters has been motivated anthropically. Structures can form through the dark matter under the form of PBHs and life can develop only in those regions which survive the AdS catastrophe and are saved by the thermal effects. In this sense, the electroweak SM instability is a bonus.

Let us elaborate on fine-tuning. The abundance of PBHs is sensitive to the initial condition of the Higgs field $\documentclass[12pt]{minimal}
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                \begin{document}$$h_*$$\end{document}$ at the time when classicality takes over, that is $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim 20$$\end{document}$ e-folds before the end of inflation. Small deviations from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h_*$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta h_* \simeq (10^{-3}-10^{-2})H$$\end{document}$ lead to a too tiny value of the PBH abundance or to a fall into anti de Sitter. This variation has to be compared to the quantum fluctuations $\documentclass[12pt]{minimal}
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                \begin{document}$$\pm (H/2\pi )\simeq 0.16\,H$$\end{document}$, which arise on length scales $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim H^{-1}$$\end{document}$ during the first *e*-folds of evolution of the Higgs field. This gives a small probability $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim 10^{-2}$$\end{document}$ for each Hubble volume that the initial condition stays close to $\documentclass[12pt]{minimal}
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                \begin{document}$$h_*$$\end{document}$.

Since our observed universe (corresponding to a number of e-folds of about 60) contained at that time about $\documentclass[12pt]{minimal}
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                \begin{document}$$\exp (120)$$\end{document}$ Hubble volumes, one might naively think that the total probability will be therefore $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sim 10^{-2 \exp (120)}$$\end{document}$. This is not correct as one is not interested in the probability of simultaneous production of PBHs in all Hubble size domains. The probability though applies to the counting of regions with might end up not being saved by the thermal effects. If one of those $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim \exp (120)$$\end{document}$ regions is not saved, it will expand after inflation and eventually engulf our entire universe. For each of these regions, it was argued that the probability for the Higgs to be saved is of order 1 / 2 \[[@CR15]\]. The reason is that, in the regions that give an abundance of PBHs of the order of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega _\text {DM}$$\end{document}$, the Higgs field reaches a final value $\documentclass[12pt]{minimal}
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                \begin{document}$$h_\text {c}(t_\text {e})$$\end{document}$ very close to the critical value not to create a dangerous AdS bubble. A small overfluctuation of $\documentclass[12pt]{minimal}
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                \begin{document}$$h_*$$\end{document}$ or its initial velocity $\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{h}(t_*)$$\end{document}$ would push then $\documentclass[12pt]{minimal}
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                \begin{document}$$h_\text {c}(t_\text {e})$$\end{document}$ into the AdS regime. Thus, in Ref. \[[@CR15]\] it is argued that the probability that none of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim \exp (120)$$\end{document}$ regions makes an AdS bubble is $\documentclass[12pt]{minimal}
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                \begin{document}$$2^{-\exp (120)}$$\end{document}$.

In the published PRL version of our paper, now v2 of Ref. \[[@CR1]\], it was already explicitly stated that the choice of parameters needed for PBH formation, although fine-tuned, would be motivated anthropically. The relevant issue is then the following: is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sim 2^{-\exp (120)}$$\end{document}$ really a small number from the point of view of the multiverse and anthropic argument? In fact, once one accepts the anthropic principle, the reasonable question is what one should multiply the tiny probability for? Within the eternal inflation/multiverse, one should use the volume-weighted physical probability which, unlike the comoving probability distribution, takes into account the overall growth of the volume of the universe: inflationary growth rewards parts of the universe with respect to others. If one assumes a comoving probability point of view, a sample is assumed to be typical and then general properties are deduced. However, distributions looking atypical from an analysis based on the comoving probability, can be common when using the physical probability (and vice versa). We might well live in a region of the global universe which looks unusual if judged so using the comoving probability \[[@CR16]\]. In other words, there might be a number of universes much bigger than $\documentclass[12pt]{minimal}
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As an example, we can refer to Ref. \[[@CR17]\] where it is estimated that the number of universes in eternal inflation is proportional to the exponent of the entropy of inflationary perturbations, $\documentclass[12pt]{minimal}
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                \begin{document}$$\exp (\exp (3N))$$\end{document}$, where *N* is the number of e-folds of slow-roll post-eternal inflation. If we assume that our observed universe originates from only 60 e-folds of exponential expansion, one gets \[[@CR17]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathscr {N}}={\text {number of universes}}\sim 10^{10^{77}}. \end{aligned}$$\end{document}$$This is incomparably larger than the number $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {N}}$$\end{document}$ of universes needed to find, with a probability of order one, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=\exp (120)$$\end{document}$ adjacent regions which have not fallen into AdS. This probability can be approximated as $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {N}}\gtrsim 2^{\exp (120)}\sim 10^{4\cdot 10^{51}}$$\end{document}$. In chaotic inflation where the number of e-folds is typically $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{12}$$\end{document}$ one gets \[[@CR17]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathscr {N}}\sim 10^{10^{10^{7}}}. \end{aligned}$$\end{document}$$As scary as it might seem, the small probability quoted in Ref. \[[@CR15]\] takes an (exponentially) enormous advantage of this number of universes and what seems unnatural in fact might turn out to be natural. For instance, as shown in Ref. \[[@CR18]\], bubbles of AdS may shrink during inflation, if they start with small radius and low velocity. Suppose that half of them shrink and half of them expand. This implies again that one just needs to live in that patch among the exponentially large number where all of the dangerous bubbles shrink and this probability in the multiverse will not be exponentially small, but order unity.

Furthermore, if one wishes to estimate the probability of survival of our universe, it should also be remembered that luckily we live again in a period when the cosmological constant dominates. It can be easily calculated that the particle horizon in our universe from now until infinity will expand by just one third with respect to its current value. From that moment on, our universe will be screened against AdS bubbles.

Leaving aside these considerations which might render the reader (and us) uncomfortable for the lack of any firm quantitative arguments, in this paper we will propose a natural solution to the fine-tuning problem. As mentioned above, the fine-tuning caused demanding the right abundance of PBHs is only $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim (10^{-3}- 10^{-2})$$\end{document}$. The problem arises when discussing the fine-tuning needed to save all the Hubble volumes when there are about 20 e-folds to go. So, one just needs a (reasonable) solution which will eliminate the presence of the AdS regions altogether without altering the attractive properties of the scenario, i.e. that the PBHs are generated by the SM Higgs and that dark matter is made of SM particles. This is what we will discuss in the next section.

Getting rid of the AdS regions altogether {#Sec3}
=========================================

As we stressed in Ref. \[[@CR1]\] the mechanism to produce PBHs, which today form the dark matter without resorting to any dark matter particle beyond the Standard Model, relies on the instability of the electroweak vacuum, so that the Higgs perturbations can grow during inflation. This dynamics is totally built within the Standard Model. On the other hand, to get rid of the fine-tuning caused by the dangerous AdS vacua, one can simply alter the form of the Higgs potential at energies much larger than the instability scale, thus without altering the nice features of the mechanism.

Let us then suppose that at energy scales much larger than the instability scale $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim 10^{11}$$\end{document}$ GeV, there are new particles whose interaction with the Higgs can change the sign of the quartic coupling from negative to positive again, thus stabilising the Higgs potential. As a simple case, add a complex scalar field $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$) and $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi _H$$\end{document}$ the SM Higgs doublet (with vacuum expectation *v*). The interaction term in Eq. ([8](#Equ8){ref-type=""}), generates a threshold contribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta \lambda =-\lambda _{HS}^2/\lambda _S$$\end{document}$ to the Higgs quartic $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim m_S$$\end{document}$ \[[@CR19]\]. Moderate values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta \lambda $$\end{document}$ large enough to bring $\documentclass[12pt]{minimal}
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                \begin{document}$$h\gtrsim m_S=\sqrt{\lambda _S}\omega $$\end{document}$. In such case the Higgs potential displays a true minimum at $\documentclass[12pt]{minimal}
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For our purposes we consider the case $\documentclass[12pt]{minimal}
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                \begin{document}$$m_S\sim \mathscr {O}(T_\text {RH})$$\end{document}$. In this way, even if the Higgs jumps beyond the barrier early during inflation, it will stop at its true minimum and thermal effects at reheating rescue the Higgs, bringing it back towards the electroweak vacuum.

We show in Fig. [1](#Fig1){ref-type="fig"} the running of $\documentclass[12pt]{minimal}
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Nevertheless, these patches will be compensated by regions without PBH keeping the central value of the PBH abundance centered around the correct value. The corresponding inhomogeneities occur at very small scales and therefore do not constitute a problem.

The Higgs mass in this true minimum is typically larger than *H*.

Both in Ref. \[[@CR1]\] and in this paper we assume for simplicity a constant Hubble rate during inflation, in order not to specify an inflation model. This implies $\documentclass[12pt]{minimal}
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